MAY 1963

Applying the boundary conditions in the first and second
equations of (12), one obtains

ng- JQ(CE(Z)éB(m_m)b

Ay = e S
Goa 'ﬂl e(nz—nl)b — Ny

(14)

and
Bl — __Ale(m—m)b

Then the displacement, (ug).—0is given by
Qa2 © e(m—m)b -1
(Ug)zmo = G j; e e — Jo(aa) S (ar)da  (15)

To get an idea of how the displacement uy changes on z = 0
for different values of », take m = b = 1l and a = &y = 0.5.
The result is given in Table 1.

Similar Solutiens in Boundary Layer

Slip Flow

A. Pozzi*
University of Naples, Naples, Italy

OME methods of solution for the boundary layer slip-
flow problem have been suggested (see, e.g., Refs. 1-3).
To check the accuracy of these solutions, one needs to com-
pare them with exact solutions. The purpose of this note
is to show how an exact solution can be obtained by means
of the similar-solutions technique.
The basic equation of the incompressible boundary layer
in terms of Von Mises’ nondimensional coordinates can be
written as

Uz = UeUez + u(uuy>y (1)

where U, is the outer velocity, with the following boundary
conditions:

uy(2,0) = k 2
u(x,») = U, (3)
u(0,y) = g ey

Now put u? = f(z) F(z), with z = y/h(z).
The funections f(x) and A(z) must be found from Eqs. (1)
and (2); one obtains

ffr=h=U,=1+4 Cz

To obtain the function F(z), one needs to solve the follow-
ing equation:

F — (eF'/2) = 1 4 (FY2F"/20) (5)
with the boundary conditions
F(eo) =1 F'(0) = 2kF12(0)

Observe that the function g(y) of Eq. (4) is given by F(y).
Equation (5) has been solved numerically, and the results
are shown in Fig. 1 for ¢ = 0.5 and k = 1. Now a satis-
factory approximate solution is given which is obtained by
substituting for FV/2 in Eq. (5) a mean value F,,12(0 < F,, <
1). Onehasthen

F=14+A042001 — ()2 exp(~¢) X
LF(1,3.0) — [1/Q + 201D
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Fig.1 Exact and approximate velocity function

where 1F; is the confluent hypergeometric function, { =
Cz?/2F ,'12, and the constant A is given by

TRF2 ok <k2Fm 8}%1/2)1/2

i\ 7C

4= "1 4

In Fig. 1 is shown this approximate function obtained by
agsuming for F,, the value 0.5.
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Stress Concentrations around a Small
Rigid Spheroidal Inclusion on the Axis
of a Transversely Isotropic Cylinder
under Torsion

SmriTt Kana BrowMmIck*
Jadavpur Unwversity, Calcutta, India

Introduction

N this note, stresses due to a small rigid inclusion in the
form of an oblate spheroid situated on the axis of a large
transversely isotropic c¢ylinder under torsion have been found.
A corresponding problem for a spherical inclusion in a similar
medium was considered by Chatterji.2 From the results
obtained here, stresses due to a rigid inclusion in the form of
a prolate spheroid can be deduced by suitable modification.

Solution

The strain-energy function of a transversely isotropic
material in ¢ylindrical coordinates is given by

W = geulen® + epp?) + demen® +
ciz(err + egp)ee: + 1061699 +
'5—044(6922 + 6722) + %0666792
where
c12 = Cn — 2¢e

Considering the large twisted cylinder under torsional stresses
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Table 1 Variation of stress concentration

7 =0 /6 x/4 7/3 w/2 ixr ir L
2 pig/Pupc ke = 0 034 036 030 0 —0.30 —0.36 —0.34 0

prevailing at infinity, one assumes

u = 0 U = ¢ = ¢r;2) u, =0 1)
The strain elements then are given by
Cr = €gg = €s; = €5, = ()
2

e = 1(0/0r)(d/7) €. = 1(3/02)(9/1)

From the preceding strain components, the stresses can be
derived as follows:

Der = Doy = Pzz = Prz = 0
Do = Coer(D/r) (I/7) Po: = cur(9/02)(d/7)

Two of the body stress equations of equilibrium are seen
to be satisfied identically, and the third one becomes

(0pr/0r) + (Opp/02) + 2(prp/r) = 0

Substituting the values of the stress components from Eq.
(3), one gets

(0*3/0r?) + (1/r)(dd/0r) — (9/1%) + k*d*/0z%) = 0 (4)

®3)
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Now, the only boundary condition to be satisfied is & +
& = 0on £ = «, which gives

A = — (pokc?/3) {sinha cosha/(d/de) [Q:(t sinha) 1}
Hence the total displacement is given by
19‘2 = 1} + 01

. .
_ PJ;C { sinht coshE — sinha coshe  d %

(d/da) [Qo(t sinha) | df
d

(@.isinhp)] L Pasinn)

On ¢ = o, pgt = pyy = 0, while

[pes) = upcke  (d/dn)Ps(sinn)

Pen 6 (cosh?a — cos?yn)l/?

{2(‘1/ da) [Q:(¢ sinha) ] cosh2« — sinh2a(d?/da?) [@:(¢ sinha) ]}
(d/do) [Qa(s sinher) ]

To have an idea of the variation of stress around the in-
clusion, assume, for example, o = 1. Then

PuP.k.
pf’l = 2

siny cosy
(2.3811 — cos?p)t/2

where

P - {2(d/da) [Q:(d sinha) Jeosh2ar — sinh2a(d?/da?) [@u(d sinha)]}
B (d/d)[Q:(i sinha)]

where k2 = cu/cs. The inclusion is an oblate spheroid
whose boundary is given by

(r*/a®) + (2%/b%) = 1 a>b (5)
The inclusion is supposed to be fixed rigidly. Put z = ke'
in Eq. (4), which then reduces to
(02/0r%) + (1/r)(@d/0r) — (I/r%) + (3%3/2'%) = 0 (6)
The boundary becomes
(r*/a®) + [(zN¥/®Y/ED] = 1

Assuming k > 1, it will be found that a2 > b2/k%. At a
great distance from the inclusion it is supposed that ¢(= &)
is due to torsion of the circular cylinder only. That is, at
a great distance from the inclusion, & = poz = pkre’, p.
being the twist.

In the case of an oblate spheroid, introduce the transform-
ation given by

r 4+ 42’ = ¢ cosh(£ + <)

so that
7 = ¢ cosh§ cosy
2z’ = ¢ sinhf sing
1/h% = c%(cosh?f — cos?y)
If one puts
a = ¢ cosha b/k = ¢ sinha

c = [a* — (b2/k%) V2 tanha = b/ka

one has £ = « when r and 2’ are connected by (7). Equation
(6) now becomes

(0/08)[(08/0¢) + ¢ tanh¢] + (0/97) [(08/09) —
¢ tany] = 0
Take as a solution
& = {A(d/d£)[Q:(¢ sinh§) ]} (d/5) Pa(siny)

where Py(sing) and Q(¢ sinh£) are Legendre functions of the
first and second kind, respectively. For large & & = p.hc?
sinh & cosh siny cosy.

Variation of pg, on the inclusion for different values of 7%
isshownin Table 1.
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Stagnation Point Heat Transfer of a

Blunt-Nosed Body in Low-Density Flow

ReupeEn CHOW*
Polytechnic Institute of Brooklyn, Freeport, N. Y.

SHOCK-boundary-layer matching scheme has been

introduced in the study of stagnation point heat trans-
fer characteristics of a blunt-nosed body in hypersonic flow
where the boundary layer thickness is of the order of the
detachment distance. The velocity components, stress
components, temperature, heat flux, pressure, and density
are matched on a matching surface, which can be deter-
mined uniquely from the analysis. The heat transfer results
merge with those developed in Ref. 1 for large Reynolds
number and show smooth transition from high Reynolds
number to Reynolds number of the order of 50 [R,.=
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